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ON 0-CYCLES WITH MODULUS 


AMALENDU KRISHNA 


Abstract. Given a non-singular surface X over a field and an effective Cartier divisor 
D, we provide an exact sequence connecting CHo(A', D) and the relative K -group 
Ko(X , D). We use this exact sequence to answer a question of Kerz and Saito whenever 
X is a resolution of singularities of a normal surface. This exact sequence and two 
vanishing theorems are used to show that the localization sequence for ordinary Chow 
groups does not extend to Chow groups with modulus. This in turn shows that the 
additive Chow groups of 0-cycles on smooth projective schemes can not always be 
represented as reciprocity functors. 


1. Introduction 

The idea of algebraic cycles with modulus was first conceived by Bloch and Esnault 
(see [6] and 0 )- One main motivation behind such a theory is to develop a theory of 
motivic cohomology which can describe the relative /v-theory of smooth schemes relative 
to closed subschemes. A potential candidate for such a theory was later constructed and 
studied by Park [18], Krishna-Levine m and more recently by Kerz-Saito mi and 
Binda-Saito [3]. It was conjectured in m that there should exist a spectral sequence 
consisting of these motivic cohomology groups whose abutment is the relative I\ -theory. 

The results of this text were partly motivated by the following question of Kerz and 
Saito (see m Question V]). Let A be a smooth quasi-projective scheme of dimension 
d over a field k and let D ^ X be an effective Cartier divisor. Let CHo(A, D) denote 
the Chow group 0-cycles on X with modulus D. Let denote the relative Milnor 

It-theory sheaf on X. Let U be an open subscheme of X whose complement is a divisor. 

Question 1.1. Assume that X is projective and k is a perfect field of positive charac¬ 
teristic. Is there an isomorphism 

CH 0 (X,D) ^ lim H d nis {X,lC^ D) fi 

D D 

where the limits are taken over all effective divisors on X with support outside U ? 

It follows from the main results of m, mi and [22j that this question has a positive 
solution if k is finite and the support of X \ U is a normal crossing divisor. As explained 
in mi. the above question is part of the bigger question of whether the Chow groups 
with modulus satisfy Nisnevich or Zariski descent. As we shall see shortly, the above 
question is also directly related to the conjectured connection between the cycles with 
modulus and the relative A"-theory. 

1.1. Main results. Let Pic(A, D ) denote the isomorphism classes of pairs (C. <fi), where 
C is a line bundle on X and <fi is an isomorphism <f> : C\d —t Od- We prove the following 
result as a partial answer answer to the above question. 
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Theorem 1.2. Let k be any field and let X be a non-singular quasi-projective surface 
over k with an effective Cartier divisor D. Then there is an exact sequence 

(1.1) CH 0 (A, D) CyC(x ’ D -\ K 0 (X, D) -A Pic(X, D) -A 0. 

In particular, cyc(x,D) induces a surjective map CHo(A, D) -» H 2 is (X,f C^^). 

Remark 1.3. The map cyc( X ,r>) turns out to be injective as well if X is affine. A proof 
of this using completely different type of argument will appear in [3]. 

Let us now assume that A is a resolution of singularities of a normal surface Y and let 
U denote the regular locus of Y . Then we can use Theorem 11.21 to obtain the following 
finer result which fully answers Question II.II for a special class of surfaces. 

Theorem 1.4. Let k be any field and let X be a resolution of singularities of a normal 
surface Y. Let U denote the regular locus ofY. Then the cycle class map CH 0 (A, D) —>■ 
H‘ni s (X, KL? ( x ) induces an isomorphism 

fim CH 0 (X,D) ^ fim H 2 nis (X, IC^ X D) ), 

D D 

where the limits are taken over all effective divisors on X with support outside U. 

1.2. Localization sequence for Chow groups with modulus. Since the introduc¬ 
tion of the Chow groups with modulus, various authors have been trying to prove several 
properties of these Chow groups which are analogous to the well known properties of 
Bloch’s higher Chow groups. It was shown in m recently that the Chow groups with 
modulus satisfy projective bundle and blow-up formulas. It was however not known if 
the localization sequence for Bloch’s higher Chow groups is true for Chow groups with 
modulus. We use Theorem ll.2l to show that the Chow groups with modulus do not admit 
such a localization sequence. In fact, we show that even the localization sequence for 
the ordinary Chow groups (in the sense of [8]) does not admit extension to Chow groups 
with modulus. Answering this question was another motivation of this note. 

Let m> 2 be any integer and let D denote the Cartier divisor Spec (k[t]/(t m )) inside 
Spec (&[£]). For any Y £ Sch/A;, let us denote the Cartier divisor Y x D 4 Y x A[ by 
D itself. 

Theorem 1.5. Let k be an algebraically closed field of characteristic zero with infinite 
transcendence degree over Q. Let Y be a connected projective curve over k of positive 
genus. Then for any inclusion i : {P} Y of a closed point, the sequence 

CH 0 ({P} x A l, D ) ^ CH 0 (T x A \,D) A CH 0 (T \ {P} x A \,D) -A 0 
is not exact. 

In particular, the localization sequence for Bloch’s higher Chow groups does not extend 
to the Chow groups with modulus, even for a closed pair of smooth schemes. 

The proof of this negative result is based on Theorem 11.21 and the following two 
vanishing theorems of independent interest. 

Theorem 1.6. Let k be any field and let Y be any non-singular affine scheme over k of 
dimension d> 1. Then CHo(T x A^, D) = 0. 

Theorem 1.7. Let k be an algebraic closure of a finite field and let X be a smooth affine 
scheme over k of dimension d > 3. Then for any effective Cartier divisor D ^A X, 
we have CHo(A, D) = 0. Assuming D re ^ is a normal crossing divisor, we also have 
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Remark 1.8. Theorem 11.71 implies that the analogue of Question 11.11 has a positive so¬ 
lution for affine schemes over k of dimension at least three if D re d is a normal crossing 
divisor. 

Remark 1.9. The assertion of Theorem \1J\ is true also for d = 2 and will appear in [3j . 
The proof in this note does show at least that CHo(A, D)q = 0 even if A is a surface. 

On the other hand, it is easily seen using the surjection CHo(A", D) — » CHo(A) that 
d > 2 is a necessary condition for the vanishing of CHo(A, D ). 

1.3. Additive Chow groups and reciprocity functors. The reciprocity functors 
T(Xii, ■ ■ ■ . M r ) were introduced by Ivorra and Riilling [9]. These reciprocity functors 
are expected to describe the ordinary as well as the additive higher Chow groups of 
0-cycles for smooth projective schemes over a held. In this direction, it was shown by 
Ivorra and Riilling (see [9l Corollary 5.2.5]) that for a smooth projective scheme X of 
dimension d over a held k, there is an isomorphism T(G^ r , CHo(A))(A:) ~ CH^ +r (X, r). 
They also show that T(G a , CHo(Spec ( k)))(k ) ~ CHo(A^., D 2 ) if char(fc) = 0, where D 2 = 
Spec (k[t]/(t 2 )). This was a verihcation of a special case of the general expectation that 
T(G a , CHo(A"))(fc) should be isomorphic to the additive Chow group CHo(A" x A D 2 ) 
if A is a smooth projective scheme over k. However, combining Theorems 11.51 and 11.61 
with Ell Theorem 1.1], we prove: 

Corollary 1.10. Let k be an algebraically closed field of characteristic zero with infinite 
transcendence degree over Q. Let Y be a connected projective curve over k of positive 
genus. Then CHo(T x Aj,,D 2 ) can not be described in terms of the reciprocity functors. 

1.4. Outline of proofs. We recall the definitions of Chow groups with modulus in §[2j 
We then use the Thomason-Trobaugh spectral sequence to relate the cohomology of the 
sheaf lC%(x,D) with the relative I\ -groups. We first prove an analogue of Theorem II. 21 for 
curves in § [3] and deduce it for surfaces using Lemma 13.21 The proof of Theorem 11.21 is 
completed using some results of uni and Theorem 11.41 proven by using a combination of 
Theorem [L21 and an explicit formula for the Chow group of 0-cycles on normal surfaces 

from m- 

We prove Theorem ll.GI bv first reducing to the case of curves. This case is achieved with 
the help of an algebraic version of a sort of containment lemma. We prove Theorem 11.51 
as a combination of Theorems [L21 and 11.61 This reduces the problem to understanding 
a map of cohomology groups of the relative /\-theory sheaves of nilpotent ideals. This 
in turn can be written as an explicit map of k-ve ctor spaces, where k is the ground 
field. Theorem 11.71 is proven by reducing to the case of affine surfaces and empty Cartier 
divisor using some Bertini theorems. 

2. Recollection of Chow group with modulus and relative A'-theory 

We fix a field k and let Sch/fc denote the category of quasi-projective schemes over 
k. Let Sm/fc denote the full subcategory of Sch/A: consisting of non-singular (regular) 
schemes. Given X € Sch/A;, we shall write A s ; ng and A reg for the closed and open 
subschemes of X, where A re d is singular and regular, respectively. In this text, a curve 
will mean an equi-dimensional quasi-projective scheme over k of dimension one. For a 
curve C, the scheme C N will often denote the normalization of C re d- Given a closed 
immersion Y ^ A in Sch/A;, we let |A| denote the support of Y with the reduced 
induced closed subscheme structure. 

For A £ Sch/A;, let K( A) and G( A) denote the A"-theory spectra of perfect complexes 
and coherent sheaves on A, respectively. For a closed subscheme Y A, let K(X,Y ) 
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denote the homotopy fiber of the restriction map K(X) — y K(Y). For a sheaf X on 
the small Zariski (resp. Nisnevich) site of X, let Hf ar (X, X) (resp. H* is (X, X)) denote 
the cohomology groups of X. A cohomology group in this text without mention of the 
underlying site will indicate the Zariski cohomology. 

2.1. Thomason-Trobaugh spectral sequence for iv-theory with support and 
relative J\-theory. Given a scheme X and a closed subscheme Y ^Y X, let A' (A) 
denote the homotopy fiber of the restriction map of spectra K{X) — y K{X \ Y). Let 
K-i,(X,Y) denote the Zariski sheaf on X whose stalk at a point x G X is the relative group 
Ki(Ox,xi^Y,x) f° r * G Z. Given a closed point x £ X reg \ Y, the spectrum K^(Y) is 
contractible and hence there are natural maps of spectra 

(2.1) K(k(x)) -Y KW(X) -y K(X, D ) -> K(X). 

In particular, there is a commutative diagram of Thomason-Trobaugh spectral sequences 
(see [23 Corollary 10.5]) 

(2-2) = H p {x} (X, K q , x ) ==> K\%{X) 

E HX,y) = H p (X,IC q ^ Y) ) => K q _ p (X,Y) 

E™ x = H P (X, X q . x ) ==> K q _ p (X) 

which is valid even when the Zariski cohomology is replaced by the Nisnevich cohomology. 

Lemma 2.1. Given a modulus pair (X,D) of dimension two over k, there is a short 
exact sequence 

(2.3) 0 -A H 2 c {X,K ux , d) ) -y K q (X,D ) —Y Pic (X,D) -Y 0 

where C is Zariski or Nisnevich cohomology. In particular, the map H 2 ar (X, JC 2 ,( x,D)) 

2 , (X,D)) i s an isomorphism. 

Proof. Let C denote either the Zariski or the Nisnevich cohomology. Since the C- 
cohomological dimension of X is two, the strongly convergent spectral sequence = 
Hg(X,lC q ^x,D)) K q -p(X, D) with differential d r : E p ' q —Y Er +r,g+r 1 gives us an 
exact sequence 

(2.4) H° C (X, K U x,d)) ^ H c(X, /C 2 , ( x,d)) ->• MX, D) -y H l c {X, 1C 1>(X>D) ) -Y 0. 

It follows from Hilbert’s theorem 90 that the map Hl ar (X , 1C\( X ,D)) —> H^ is (X, ICijx,D)) 
is an isomorphism and it follows from [241 Lemma 2.1] that H^ ar (X, ,(*,!>))-^Pic(*,D). 
We are thus left with showing that d,’ 1 = 0. We prove this for the Zariski cohomology 
as the same argument applies in the Nisnevich case. 

Applying the above spectral sequence for K\(X, D), d^’ 1 = 0 is equivalent to the 
assertion that the map K\{X,D) —y H°(X, / C 1 ( - x ,d)) is surjective. To prove this, we let 
/ € H°(X, /Ci (x,_d))- This is equivalent to a regular map f : X —Y G m such that f\jj = 1 
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and hence a commutative diagram with exact rows 


(2.5) 


0 — Ki(G m , {!})-> K\(G m ) -> -> 0 


r 


K\ (X, D) 


r 

K\ {X) 


r 


^Ki(D) 


0 -> H°(X, 1C UX ' D) ) -> H°(X, JC hX ) -> H°(D, JCi, d ). 


If we let Q m = Spec (/cff^ 1 ]), then one can check (as is well known) that 5 o /*([£]) = 
/. Since t € /\i(G m ,{l}), we see that € K\(X,D) and 5 o f*(t) dies in 

H°(D, Hence, it must lie in H°(X, ,(x,D))- It follows that the map Ki(X, D ) —► 

H°(X,1Ci (x,d)) is surjective. □ 

Remark 2.2. The isomorphism H^ ar (X, X 2 ^x,d)) ~t H^ is (X,X 2 fx,D)) was shown earlier 
by Kato and Saito (see m Proposition 9.9]) by a different method. 


2.2. Chow groups of O-cycles with modulus. We recall the definition of the Chow 
group of O-cycles with modulus (see [H, § 2] or m § 2 ]). 

Let X be a non-singular scheme of pure dimension d and let D C X be an effective 
Cartier divisor on X. We shall call such a pair ( X , D) of a non-singular scheme and an 
effective Cartier divisor, a d-dimensional modulus pair. Let Zq(X,D ) denote the free 
abelian group on the closed points in X \ D. Let C > X x P], be a closed irreducible 
curve satisfying 

(1) C is not contained in X x {0,1, oo}. 

(2) If v : C N — > X x PjJ, denotes the composite map from the normalization of C, 
then one has an inequality of Weil divisors on C N : 

v*(DxFl)<v*(Xx{l}). 


We call such curves admissible. Let Z\ (X, D ) denote the free abelian group on ad¬ 
missible curves and let lZo(X,D) denote the image of the boundary map (do ~ doo) : 
Zi(X, D) Z 0 (X, D). The Chow group of O-cycles on X with modulus D is defined as 
the quotient 


CH 0 (X,D) 


Zp(X,D) 

Ko(X,D)- 


To relate this definition of CHo(X, D) with the one given by Kerz and Saito [llj . let 
7 tq ■ C N —y C denote the normalization of an integral curve C ^ X which is not a 
component of D. Let Aq\ d and A c n\ d denote the semi-local rings of C and C N at the 
supports of C fl D and (C n D), respectively. Let 1Z' 0 (X,D) denote the subgroup of 
Zq(X, D) given by the image 


( 2 . 6 ) [] KMc^oJd) ^ Zq{X,D). 

C(£D 

Note that the surjectivity of the map K 2 (A c n\ d ) —> K 2 (ttq(D)) implies that 

(2.7) 

Ki{A c n\ d , Id) = Ker (K\(A cN \ D ) K^^D)) = Urn Ker (0(U) X -)■ 0(n* c (D )) x ), 

u 

where U ranges over all open subschemes of C N containing ttq(D). 
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One can then check as in the classical case (e.g., see [H Theorem 3.3]) that there is a 
canonical isomorphism 

P.8) !g^CH„(X, D ). 

3. The cycle class map 

Let ( X , D ) be a 2-dimensional modulus pair. In this section, we construct the cycle 
class map CH 0 (X,D) -A H 2 (X,X 2 ,(x, £>)) and prove Theorems 11.21 and 11.41 More gener¬ 
ally, we assume X is either a curve or a surface and let P G X\D be a closed point. Let 
Xp denote the spectrum of the local ring Ox,p■ Assume d= 1,2. It follows from (12.11) 
and (12.21) that there is a commutative diagram 


(3.1) 


^o,{P}) ► Kq({P}) 


Hf p} (X,IC d . x )^K 0 


{P 


(X) 


H d (X,IC d ^ D) )^K 0 (X,D), 


where the top vertical arrow on the left is an isomorphism by excision and the Gersten 
resolution for tC d x P and the one on the right is an isomorphism by the localization 
sequence for A'-theory. We define the cycle class map 

(3-2) cyc {x , D ) : MX, D) -»■ H d (X , K d ^ D] ) 

by letting cyctx,D)([P\ ) be the image of 1 E H°({P},JC o,{p}) — Z under the composite 
vertical arrow on the left in ([3.11) and extending it linearly on all of Zq(X,D). To show 
that this map kills rational equivalences, we first consider the case of curves. 


Lemma 3.1. Let ( C,D) be an 1-dimensional modulus pair. Then the map cyc(c,D) 
induces isomorphisms 

cyc (CtD) : CH 0 (C,D) ^ H\ ar (C. Xij C ,D)) ^ H^C, K uc ,d)) Pic (C,D) ^ K 0 (C,D). 

Proof. For any reduced closed subset S C C such that S D D = 0 and any open subset 
U C X, we have the localization fiber sequence of spectra 

K(S n U)-> K{U) -A K(U \ S). 

Taking the filtered colimit over closed subsets S as above under the inclusion, we get a 
short exact sequence of Zariski sheaves 

( 3 - 3 ) 0 —> ICi t (c,D) ► j*(Xi,(C D ,D)) —■> {ip)*(Xo(k(P))) -» 0 

PfD 

on C, where Cp is the spectrum of the semi-local ring Aq\ d of C at \D\ and j : Cp ^A C 
is the inclusion map. This yields the cycle class map 

( 3 - 4 ) cyc( C ,P) : r L^-H l (C 1 KLi^c,P))- 

P<£D 

To show that this induces an isomorphism CHo(C, D) -A- H l (C, JCirc,D)), we first 
claim that j*{X\(c D ,D)) is an acyclic Zariski sheaf. To prove this claim, it suffices to 
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show that if U ^ C is open and Up is the spectrum of the semi-local ring of U at \UDD\, 
then H 1 (Ud,K' 1 ,(u d ,d)) = 0 for i > 1. But this is immediate from the exact sequence 

0 ~^ ^i,(Ud,d) K'l.Uo —<> fci,ur\D 0 

and the fact that Up is a semi-local scheme. 

It follows from the above claim that (|3.3I) is an acyclic resolution of /C \<c,d) and in 
particular, there is an exact sequence 

K i(A C \ D ,Id) -> ^ Hlar(.C’ fcl,(C,D)) ” °- 

P£D 

This implies by (|2.8I) that (13.4p induces an isomorphism CHo(C, D) H} ar (C, Ki t (c,D))- 
The isomorphism of the natural map H [ zar (C, KL\ ,{C,D )) —>• H^ is {C,K-i^c,D)) follows 
easily from Hilbert’s theorem 90. 

We now consider the commutative diagram of homotopy fiber sequences 

0 K(k(P)) -> K{C) -- K(A c]d ) 

p^d 

K(A clD /I) = K(A clD /I). 

This yields a homotopy fiber sequence 

[] K(k(P)) K(C,D) K(A c{d ,I) 

P£D 

and in particular, an exact sequence 

Ki{A C \ d ,I) A Zq(C,D) K 0 (C,D) -> 0 
and we conclude from this that 

Coker (d) = CH 0 (C,L>) K 0 (C,D). 

Finally, the isomorphism H} ar (C, /Cwc,D)) ~> Pic (C,D) follows from [23], Lemma 2.1]. 

□ 


Lemma 3.2. Let (X, D ) be a 2-dimensional modulus pair and let f : C —>■ X be a finite 
map, where C is a non-singular curve such that f*(D) is a proper closed subscheme of 
C. Then there is a commutative diagram 


(3.5) 


Z 0 (C, /* m —$ ^ (C, JC UCJ * m ) 


/. 


Z 0 (X,D) 


cyc(x,D) tt2 


H ( X , /C 2 ,(x,d)) 


where /* on the left is the push-forward map. 


Proof. We set E = f*(D). Since ix : D X and tc ■ E ^ C are Cartier divisors, 
it follows that Tor^ (Od, f*(Oc)) = 0 for i > 0. In particular, there is a commutative 
diagram 












AMALENDU KRISHNA 


As this diagram makes sense for any open f/4l and is functorial for restriction to 
open subsets, we see that is in fact a diagram of presheaves of spectra on X zar . 

If we consider the homotopy cofibers of the horizontal arrows in (13.61) . we obtain a 
commutative diagram of homotopy cofiber sequences of presheaves of spectra on X zar . 
Taking the long homotopy groups exact sequences, we obtain the associated diagram of 
the long exact sequences of the presheaves of homotopy groups. The exactness of the 
sheafification functor yields a commutative diagram of the long exact sequences of the 
sheaves of homotopy groups corresponding to (13.61) . 

Let I\(X \ C ) and K(D \ E) denote the homotopy cofibers of the top and bottom 
horizontal arrows in (13.61) . respectively. Let /Q x\c denote the Zariski sheaf on X as¬ 
sociated to the presheaf of homotopy groups U i-a Ei(K(U \C)). Defining /Qmp in a 
similar way, we get a commutative diagram of the long exact sequences 

(3.7) -> fc-3,X\C > f*(^2,c) —t fc-2,X —> ^2,X\C f*(£■!,c) —> ' ' ' 


-t ^3 ,D\E > /*(^2,e) —> 1^-2,D —>> fc-2,D\E —► /*(^1,e) —>•••• 

If C is the image of / : C —> X, then we have a factorization K{C ) —>• G(C ) —> K(X) 
(see [23 , Proposition 5.12 (i)]) and this shows that there is a factorization IC t x -A 
Xj x\c —>• j*{K-ix\c) i*(77i(fc(A"))), where j : X \ C ^A X is the inclusion. The 
Gersten resolution says that the composite map is injective. It follows that the map 
KLj t x —> JCi,x\c i s injective. Since the map f*(Xi l c) —> f*(fci,E) is surjective for i < 2, 
the above diagram refines to a commutative diagram of short exact sequences 

(3-8) 0 —> K-2,x K-2,x\c /*(/Ci, c ) —> 0 

<t> 

0 -A K.2,D £-2,D\E f*(JCl,E) 0. 

Set K- 2 ,(x,d) = Ker(/C 2i x —> /C 2 i p>). Since the vertical arrows on the left and the right 
ends in (13.81) are surjective, the middle arrow is also surjective and there is a short exact 
sequence of the kernel sheaves 

(3.9) 0 -A X 2) (x ) n) Ker(</>) -A f*{K-i t (c,E)) ~* 0. 

Considering the long exact cohomology sequences with and without support and ob¬ 
serving that H l (C, f*{1C\.(c.E))) - H 1 (C,1Ci i{ c,e)) (the higher direct images of JCi,(c,e) 
vanish as one can easily check), we get a commutative diagram 

(3.10) U Z A Hi p (C,K liC ) ^ Hl p (G\X hi a E) ) -»■ H\C,JC uc ,e)) 

QGEp 

/* 

z Hf p} (X,JC 2 ,x) ^ Hf p} (X, A 2j(a - d) ) -a H 2 (X,iC 2 X x,D)) 

for any closed point P G X \ D and Sp = / -1 (P). It is well known that the left-most 
vertical map is the push-forward map. Since the map K. 2 ,(x,d) —•► A 2 ,(X,D) is surjective 

whose kernel is supported on D , the map H 2 (X, K. 2 ,(x,d)) —>• H 2 (X, K, 2 \x,d)) is an 
isomorphism. This immediately yields (13.5|) . □ 
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3.1. Proof of Theorem (TT2J. In view of Lemma [2. 11 the proof of Theorem ll.21 is reduced 
to showing that the cycle class map cyc(x,D) '■ %q(X,D) —> H 2 (X, 1C 2 ,(x,d)) constructed 
in (13.21) kills the group of rational equivalences 1Z' (i (X, D) (see (12.81) 1 and is surjective. So, 
let us take an integral curve C X which is not contained in D and let / : C N —> X 
denote the induced map from the normalization of C. Letting E = f*(D) and g £ 
Ker(0^, N -» Og), we need to show that cyc( X) D ) ° /*(div(y)) = 0. For this, we consider 
the diagram 


(3.11) 


K(C N ,E) - 


K(X,D) 


-*Zv(x,Dy^k™ 2 


> H 2 (X, IC 2 ^x,d)) 


in which the left square commutes by m Proposition 2.10] and the right square com¬ 
mutes by Lemma r3.21 Since the composite horizontal map on the top is zero by Lernrna l3.il 
it follows that cyC(x,D) ° /*(div(y)) = /* o cyc^QN E ' ) (div(g)) = 0. The surjectivity of 

cyc(x,D) now follows from Lemma [3221 the isomorphism n) ^ 2 ,{x,D)i the dia¬ 
gram (13.11) and [101 Theorem 2.5]. □ 


3.2. Proof of Theorem 11.41 Let 7r : X —> Y be a resolution of singularities of a normal 
surface over any field k. We set U = Y reg and C(U ) = lim CHo(X, D), where the limit 

D 

is taken over all effective Cartier divisors on X with support outside U. Let E ^ X 
denote the reduced exceptional divisor. If D C X is an effective Cartier divisor with 
support | D\ CL 1 , then mE — D must be an effective Cartier divisor some m 1. This 
implies that the canonical maps C{U) —> Hm CHo (X,mE) and ^im H 2 (X, tC 2 ^x,D)) 

m D 

lim H 2 (X, !C 2) (x,mE)) are isomorphisms. 

m 

Let CHo(T) denote the Chow group of 0-cycles on Y in the sense of [17] and let 
S c —X Y denote the singular locus of Y with reduced subscheme structure. We then have 
a commutative diagram 

(3.12) CH 0 (T) H 2 (YJC UY ,mS)) 

n* tt* 

CH 0 (X, mE) -^T§ 2 (X, K U x,mE)) H 2 (Y , /C 2 ,y) 

/Wr* 

^ 7T 

CH 0 (X)- H 2 (X , JC 2 ,x). 

The map cycty.mS) is defined exactly like cyc(x, m E) and is an isomorphism by [12, 
Proposition 3.1]. The natural map H 2 (Y,}C 2 ^y,mS)) H 2 (Y,X 2 ,y) is an isomorphism 
also by m Proposition 3.1]. The map n* : CHo(T) —> CHo (X,mE) is induced by the 
identity map n* : Zq(U) —¥ Zo(X,mE). 

To show that it preserves rational equivalences, let C w- Y be an integral curve not 
meeting S and let h € k(C) x . Let r^CxP 1 x P 1 be the graph of the function 
h : C —* P 1 . It is then clear that P/ l D(S x P 1 ) = 0. In particular, 7r _1 (P/ l ) D (E x P 1 ) = 0. 
This shows that [r^] € Z\ (X. mE) is an admissible 1-cycle such that 

7T*(div(/l)) = 7T*([/l*(0)] - [h*(oo)}) = 7T*(O 0 ([r^]) - dooGlfc])) = (9 0 - 9oo)([r^]). 
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This shows that 7r*(div(/i)) C lZfiX,mE) and yields the pull-back tt* : CH 0 (T) -» 
CHo (X,mE). All other maps in (|3.12|) are naturally defined and all are surjective. 

If we let F 2 K 0 (X,mE) denote the image of the map cyc( X ,mE) '■ CH 0 (X,mE) -4 
Ko(X,mE), then it follows from Theorem 11.21 and Lemma 1 2. II that F 2 Ko(X,mE ) -4 
H 2 (X, K- 2 ,(x,mE)) is an isomorphism. We now apply [15], Theorem 1.1] to conclude 
that the map H 2 (Y, IC 2 ,(Y,mS)) -4 H 2 (X,K. 2 ,(x,mE)) is an isomorphism for all suffi¬ 
ciently large m. It follows that all arrows in the upper square of (|3.12l) are isomor¬ 
phisms for all sufficiently large m. In particular, the map cyc( X ,mE) '■ CHo (A, mE) -4 
H 2 (X,K. 2 ,(x,mE)) is an isomorphism for all sufficiently large m and hence the map 
C(U) -A- hm H 2 (X,JC 2 ,(X,mE)) is an isomorphism. □ 

m 


4. Vanishing theorems and failure of localization 

Let k be a field and consider the effective Cartier divisor D = Spec {k[t]/t m ) on Aj. = 
Spec (A;[i]). Given X £ Sch /k, let us denote the effective Cartier divisor X x D =-4 X x A|. 
by D itself. We shall prove Theorem 11.61 using the following algebraic result. 

Lemma 4.1. Let A be the coordinate ring of a smooth affine curve over k and let m be 
a maximal ideal of A[t) which contains the ideal (t — a ), where a € k x . Then we can find 
a prime ideal p of height one in A[t\ such that the following hold. 

(1) p C m. 

(2) A[i]/p is smooth. 

(3) m/p is a principal ideal. 

(4) p + (t) = A[t}. 

Proof. Consider the maximal ideal m / = m n A of A. Since A is a Dedekind domain, we 
can write m' = (fi, f 2 )- But this implies using our hypothesis that m = (t — a, fi, ff) = 
( a~ 1 t — 1, / 1 , f' 2 )• In case /1 = / 2 , we take p = (t — a) which clearly does the job. So we 
assume that f\ fi ./A 

Since A m i is a discrete valuation ring, iri'An,/ is a principal ideal. In particular, there 
is an element f £ A such that / ^ m / and m 'Af is principal. As / ^ m / , we have 
(/) + m' = A, and this gives us an identity af — or/i — 02/2 — 1 = 0 in A. Setting 
g = af , we see that m ' A g is also a principal ideal. Furthermore, we have 

(4.1) ga~ l t - 1 = g{a~ l t - 1) + g - 1 = g(a -1 f - 1) + ai/i + 02/2 € m. 

If we set p = (ga -1 f — 1) C A[t\, we have just shown that p C tn. Since A[t]/p ~ A g 
and hence 

m ^ m Ag\t\ ^ (—g~ 1 (aifi + Q 2 / 2 ), / 1 , f2)A g [t) ~ (f 1 ,f 2 )A g [t\ ~ , 

p _ pAg[t] ~ P Ag[t\ ~ P Ag[t] 

we see that (2) and (3) are satisfied. The item (4) is clear. This proves the lemma. □ 

4.1. Proof of Theorem 11.61 We can assume that Y is connected. We set X = Y x Aj. 
and U = Y x G m . Let p : X —> Aj, and q : X —>• Y denote the projection maps. Let 
P £ U be a closed point and set Pi = p(P) and P 2 = q(P). Then P\ £ G m and P 2 £ Y 
are closed points as well. 

We can find a non-singular curve 1 : C 4 f containing P 2 (see [1] Theorem 1] when k 
is infinite and jT9 , Theorem 1.1] when k is finite). It follows from [14, Proposition 2.10] 
that there is a push-forward map t* : CHo(C x Aj,, D ) -4 CHq(V x A\, D) such that the 
class [P] £ CHo(V x A^, D ) lies in the image of this map. We can therefore assume that 
Y is a curve. 
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Now P defines a unique closed point P' £ A fc ( P ) such that P = tt(P'), where n : 
Spec (k(P)) —>• Spec (k) is the finite map. This gives [P] = vu.QP']) under the push- 
forward map 7 r* : CHo(A fe (p), D) —> CHo(A, D) (see [T2J Proposition 2.10]). It suffices 
therefore to show that the class [P'j € CHo D) dies. We can thus assume that 

P\ £ G m (fc). 

We can now apply Lemma 14.11 to get a smooth affine curve i : C “=>■ A which is a 
closed subset of A containing P such that C n (Y x D) = 0 and P £ C is a principal 
Cartier divisor. In particular, the class [P] € CHo(C) is zero. On the other hand, 
the condition C 0 (Y x D) = 0 implies that the inclusion Zq(C) ^ Z${X,D) defines 
a push-forward map z* : CHo(C) —>• CHo(A, D) (see PGA Corollary 2.11]) such that 
z*([P]) = [P] € CH 0 (X,D). It follows that [P] = 0. This proves that CH 0 (A,L>) = 0. 
The second part of the theorem now follows from Theorem 11.21 □ 

As an immediate consequence of Theorems 11.21 and 11.61 we get 

Corollary 4.2. Given a non-singular affine curve Y over a field k, we have 

K 0 (Y x A l, D ) Pic(y x A\, D ). 

Remark 4.3. Theorem 11.61 is known to fail when d = 0 (see 0 )- 

4.2. Proof of Theorem 11.71 Let the pair (X, D) be as in Theorem 1 1.71 and let x G X\D 
be a closed point. We can assume that X is connected. We claim that there is a smooth 
affine closed subscheme t : Y t —> X of dimension d — 1 such that LnD = 0 and x G Y. 

To prove the claim, let A denote the coordinate ring of X and let I ^ A denote the 
defining ideal of D. Let m A denote the maximal ideal corresponding to x G X. Our 
assumption implies that there exist elements a G m 2 and b G / such that a — b = 1. 
We can now apply [ 25l Theorems 1.3, 1.4] to conclude that for general a 1 G m 2 , the 
ring A/(a — a’b) is integral and smooth. Setting / = a — a'b, we see that / G m and 
/ — 1 = a — a'b — 1 = 6 — a'b = 6(1 — a') G I. This shows that Y := Spec ( A /(/)) satisfies 
our requirement. 

Using the above claim and m Corollary 2.11], we get a push-forward map z* : 
CH 0 (T) —» CHo (A, D) whose image contains the cycle class [a;]. The desired vanish¬ 
ing now follows because one knows that CHo(T) = 0 (see e.g., [T6, Theorem 6.4.1]). 

To prove the second assertion of the theorem, we first notice that for a closed point 
x £ X \ D, we have natural maps 

K 0 (k(x)) ^ H( x} (X,JCM xd) ) H d zar {X,K^ D) ) -> P<(X,/Cg [X , D) )- 

Setting q/C(x,_D)(M) to be the image of 1 G Ko(k(x)) under the composite map, we get 
a cycle class map cyc (X)D) : Z 0 (X,D) -> H% is (XJC^ XD) ). 

If -D re d has normal crossings, then it follows from m Definition 3.4.1, Proposition 3.5] 
that cyc( X ,D) has a factorization CH 0 (X,P>) EI 2 f s (A, Z(d) x \ D ) -> H? lis (X,K.^ X D) ), 
where Z(d) x \ D is the sheaf of cycle complexes U i— > Z d (U\D , 2d — •) on X n i s . Moreover, 
it follows from [TO, Theorem 2.5] that the map cyc(x,D) '■ CHo (A, D) —> H d is { A, Y^j x m) 
is surjective. The vanishing of H d is (A, IC^ X D ^) now follows from the first part of the 
theorem. □ 

4.3. Proof of Theorem 11.51 In view of Theorem 11.61 the theorem is equivalent to 

the assertion that the push-forward map CHo({P} x A \,D) —> CHo(T x A \,D) is not 
surjective. Note that the composite map CHq({P} x A \,D) CHo(T x A D) 
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CHo(A^.,D) is an isomorphism, where it : Y —> Spec (k) is the structure map. In 
particular, ?'* is split injective. Our aim is to show that this is not surjective. 

We set X = Y xA[, V = Y\{P }, U = hxA|, and Z = {P}xA\. For any W € Sch /k, 
we shall write W x D as Wd in this proof. In view of Theorem ll.2l it suffices to show that 

the composite map CHo (Z, D) CHo(A, D ) — (X ’^> H 2 (X, K. 2 ,{x,d)) is not surjective. 

Let 'Hy D denote the exact category of coherent sheaves on Yd which have cohomo- 
logical dimension at most one and which are supported on {P} x D so that there is a 
commutative diagram of the fiber sequences of spectra (see [231 Theorem 9.1]) 

(4.2) K(Z) -> K(X) —> K(U) 

K(H$ D )^K(Y D )->K(V D ). 

As in the proof of Lemma 13.21 this diagram canonically extends to a commutative 
diagram of presheaves of spectra. Let ICfy denote the Zariski sheaf on Z associated 
to the presheaf of homotopy groups W i-a i rW )). Sheafifying the associated 
presheaves of homotopy groups and arguing as in the proof of Lemma [3.21 we obtain the 
commutative diagrams of short exact sequence of Zariski sheaves 

(4.3) 0 0 0 

o —t ^2,(A :,D) t —> 0 

0-» fc-2,X -> -> £-1 ,Z -5- 0 

o-> fc-2,Y D -* 1,Vd) -* ^I.Yd - > 0 

0 0 0 

and 

(4-4) 0 —> JCi,(z,D) —> fci,z —> K-i,{P} D —* 0 

0- >Kl z -* /Ci, z —► KZy d —>• 0 

These diagrams together give rise to a commutative diagram of exact sequences 


(4.5) 


0 -> H°(Z,K lt zf^l H°({P} d ,IC 1{p}d ) % H\Z,K UZjD) ) —> 0 

i* 

0 H\X,Ka,x) ^H\Y d ,JC 2 , Yd ) H\X,K ux , d) ) -► 0 . 
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The maps dz and dx are surjective because H l (Z,K.i z) — CH 0 (Z) = 0 = CH 2 (7f) ~ 
H 2 (X,JC 2 , x ). The homotopy invariance of 77-theory tells us that the composite map 

L* 

H°(Z,lCi t z) (Z ’ D -> 77°({P} D , ICi ,{p} D )) —> H°({P},ICi ^py) is an isomorphism. We 

L* 

claim that the composite map H 1 (X,JC 2 ,x) ——> H 1 (Yd,IC 2} y d ) —> 77 1 (Y,/C 2) y) is also 
an isomorphism. 

We have a commutative diagram 

(4.6) Ki(Y) — > H°(Y, JCi,y) 

77 1 (X)^77°(X,/C 1 , x ), 

where the vertical arrows are isomorphisms and the horizontal arrows are split surjec¬ 
tions. This implies that the induced pull-back map SK\ (Y) —y SK±(X ) is an isomor¬ 
phism. We now have a commutative diagram 

(4.7) SK^Y) —► fl' 1 (Y,£ 2j y) 


SK 1 (X)^H 1 (X,K 2tX ), 


where the top horizontal arrow is an isomorphism and the bottom horizontal arrow is 
surjective (see m Lemma 2.3]). We have shown above that the left vertical arrow is 
an isomorphism. This implies that the right vertical arrow is surjective. On the other 
hand, it is split injective via the 0-section embedding. Hence, it is an isomorphism. This 
proves the claim. 

The claim shows that the first horizontal arrows from left in both rows of (14.511 are split 
injective. Combining this with Lemmas 13.11 and 13.21 we can identify : CHo {Z,D) —>■ 

H 2 (X, IC 2 ^x,d)) as the ma P 


(4.8) i* : Ki({P} x 77, {P} x {0}) H\Y d , /C 2>( y D>y) ). 

Using m Corollary 4.2], this map is same as the map of Q-vector spaces 


(4.9) 


:I^H\Y d 


Q 1 

(W,Y)/Q s 

d(I Y ) ' 


where 7 is the ideal sheaf of Spec(7) inside 77, I Y = I <8>fc Gy and O’y^ Y )/Q = 
Kei(ily f) /Q -» Uy/Q))- We are thus reduced to showing that this map of Q-vector spaces 
is not surjective. Notice that the assumption m > 2 implies that 7^0. 

By 03 Lemma 4.3], there is a short exact sequence 


0 ~ ^l/Q 7y —> 


Q 1 

(WT)/Q 

d(Iy) 


O 1 

U (Y D ,Y)/k 

dk(Iv) 


S7 1 

It is easy to check by local calculations that y - ~ Ily/Q <Z>k dk(I), where dk : 

I —> is the 7-derivation. In particular, the above exact sequence can be written as 


0 —> (7 0^ 71 [./ q ) O y —> /C 2 ,{ Yd ,y) dk{I) Q Y /k 0 - 


(4.10) 
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Taking the associated long exact cohomology sequence, we get a commutative diagram 
(4.11) 


400 ®k H°(Y ., n^ /k ) —a (I <% fii /Q ) H\Y, O y ) -> H\Y d J C UYd , y) ) -»■ 4(4 -► 0 


with the bottom sequence exact. 

It is straightforward to check that 4 is an isomorphism. On the other hand, as k has 
infinite transcendence degree over Q and Y has positive genus, we see that d is a map of 
A:-vector spaces whose source is finite dimensional but the target is infinite dimensional. 
This shows that there is a split exact sequence 


(4.12) 


(I ®k ^1 / Q ) ® k H 1 (Y,0 Y ) 
4(1) ®k H°(Y,n\r /k ) 


—> H l {Yr,, 1^-2 ,(y d ,y)) dk(I) 0 


such that the first term is an infinite dimensional fc-vector space and the composite map 

I -4- // 1 (1’d, K- 2 ,(y d ,y)) 400 is an isomorphism. In particular, the cokernel of 'i* is 

an infinite dimensional k -vector space. This finishes the proof of Theorem 11.51 □ 
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